Partial eigensystem assignment with output feedback can lead to an unstable closed-loop system. However, output feedback with passive linear time-invariant systems, such as flexible space structures, is guaranteed to be stable if the controller is dissipative. This paper presents a novel approach for synthesis of dissipative output feedback gain matrices for assigning a selected number of closed-loop poles. Dissipativity of a gain matrix is known to be equivalent to positive semidefiniteness of the symmetric part of the matrix. A sequential procedure is presented to assign one self-conjugate pair of closed-loop eigenvalues at each step using dissipative output feedback gain matrices, while ensuring that the eigenvalues assigned in the previous steps are not disturbed. The problem of assigning one closed-loop pair is reduced to a constrained solution of a system of quadratic equations, and necessary and sufficient conditions for the existence of a solution are presented. A minimax approach is presented for determining parameters which satisfy these conditions. This method can assign as many closed-loop system poles as the number of control inputs. A numerical example of damping enhancement for a flexible structure is presented to demonstrate the approach. † Senior Research Engineer, MS 161, Guidance and Control Branch,
Introduction
Pole placement has been studied extensively in the literature to shape transient response of the closed-system. Many techniques are available for eigensystem assignment with full state feedback. These techniques exploit the freedom beyond pole placement for multivariable systems, identified in Ref. 1 , for other objectives such as enhancing robustness of the pole placement and minimizing the norm of the feedback gain needed to accomplish the placement 2, 3 .
However, full state feedback is not feasible for many control applications such as control of flexible structures. The dynamics of flexible structures is described by infinite dimensional equations and is usually approximated by large second-order discrete models; therefore, the measurement of the full state is not feasible. Output feedback pole placement is the practical choice for such systems. However, much of the literature for output feedback eigensystem assignment deals with relatively low order systems, where the number of states is less than the sum of inputs and outputs 4, 5, 6 , and therefore is not applicable for problems like control of flexible structures. Conditions on the closed-loop eigenvectors for the existence of output feedback gain matrices to accomplish the desired eigenvalue placement are discussed in Ref. 7 . References 8 and 9 present techniques for synthesis of output feedback gains, which assign a self-conjugate subset of the closed-loop eigenvalues. However, a major drawback of using output feedback for eigensystem assignment of large order systems is that while assigning a self-conjugate set of eigenvalues, the feedback may cause other closed-loop poles of the system to become unstable 10 . Therefore, it is desirable to develop techniques for output feedback gain matrices which assign dominant modes of the system while ensuring that the overall system is not destabilized. This problem is addressed in the current paper for strictly passive linear timeinvariant systems in descriptor form, which are used in the characterization of the dynamics of flexible space structures.
Robust control of flexible space structures is difficult due to its dynamic characteristics, namely, numerous closely-spaced, low frequency modes with little inherent damping 11 .
Moreover, the parameters associated with flexible structure models such as modal frequencies, damping and mode shapes often cannot be identified accurately. Feedback control is further complicated by instabilities induced by observation and control spillovers 11 . However, with collocated and compatible actuators and rate sensors, the system dynamics are passive, irrespective of unmodelled dynamics and parametric uncertainty 12, 13, 14 . Moreover, by the passivity theorem 15 , a strictly passive controller guarantees robust stability of the closed-loop system. For constant gain feedback, strict passivity requires that the symmetric part of the constant gain matrix be positive definite. Note that symmetry of the gain matrix is not necessary for strict passivity. Positive definiteness of the symmetric part of the output feedback gain matrix is necessary and sufficient for strict passivity. Similarly, when the plant is strictly passive, a passive controller ensures robust closed-loop stability. Positive semidefiniteness of the symmetric part of the gain matrix ensures passivity of a constant gain feedback controller.
Thus, a strictly passive system is guaranteed to be robustly stable with constant gain output feedback if the symmetric part of the gain matrix is positive semidefinite.
Thus, the robust eigensystem assignment problem for strictly passive systems is to construct output feedback gain matrices whose symmetric part is positive semidefinite. Preliminary approaches to these problems are described in Refs. 16 and 17 . Reference 17 presents a sequential procedure through which a pair of self-conjugate eigenvalues is assigned to desired locations at every step with the aid of generalized Schur decompositions and orthogonal state transformations. This procedure is repeated until up to m self-conjugate closed-loop eigenvalues have been assigned, where m is the number of control inputs to the system. At each step the output feedback gains are designed such that the previously placed eigenvalues remain unchanged. This approach reduces the problem of assigning one self-conjugate pair of closedloop eigenvalues to constrained solution of a set of quadratic equations. In this paper, necessary and sufficient conditions for the existence of a solution to these quadratic equations are presented in this paper for two cases, namely, the nonsymmetric gain matrices and the symmetric gain matrices. Furthermore, a minimax approach is described for obtaining parameters which satisfy the conditions for pole placement. Once parameters satisfying these conditions for pole placement have been determined, the approach to evaluate output feedback gain matrices follows. These results are first developed for assigning dominant poles of passive LTI systems in descriptor form, in particular, for damping enhancement of flexible space structures with rate feedback.
Then, these techniques are extended to pole placement with both position and rate feedback for second-order models of mechanical systems, while ensuring stability of the overall closed-loop system. The conditions guaranteeing stability in this case are that the symmetric part of the rate gain matrix is positive semidefinite, and the position gain matrix is symmetric and positive semidefinite. Corresponding quadratic equations and conditions for existence of a solution for eigenvalue assignment using both rate and position feedback are presented. Finally, a numerical example of damping enhancement in the dominant modes of a structural testbed at NASA Langley (CEM phase II) is presented to demonstrate the application of this approach.
Passive LTI Systems
Systems that do not generate energy internally are referred to as passive systems.
Mathematically, input-output systems are defined to be passive if hy; ui , where h1; 1i denotes the inner product of the input-output vector spaces, u is the input to the system, y is the output of the system, and is a parameter corresponding to the initial conditions of the system 15 . First, consider a constant gain system, y = Gu, where G is the constant gain matrix.
Note that y T u = u T Gu = u T (symfGg)u, where symfGg denotes the symmetric part of G,
. Now, hy; ui 0 (for passivity with = 0) if and only if sym fGg 0, where " 0" denotes positive semidefiniteness of the matrix on the left-hand side of the inequality. Thus, it follows directly from the definition that positive semidefiniteness of the symmetric part of the gain matrix, G, is equivalent to passivity of a constant gain system.
Next, consider passivity of LTI systems in descriptor form. Such LTI systems are expressed as E _ z = Az + Bu; y = Cz + Du (1) where z is the system state, y is the system output, u is the system input, and the matrices 
then the transfer function G(s) is positive real. Note that for E = I , the conditions in Eq. (2) reduce to the necessary and sufficient conditions of the positive realness lemma 12, 13 .
Dynamics of a flexible space structure with rate output provides an example of passive LTI systems. The dynamics of flexible space structures are typically expressed in second order form as
where x denotes an n 2 1 vector of displacements, u denotes an m 2 1 vector of control inputs, M; D; K are mass, damping and stiffness matrices of the system, respectively, and F is an n 2 m input influence matrix describing the actuator force distribution. The mass matrix, M , is a symmetric, positive definite matrix for physical systems, and the damping and stiffness matrices are symmetric, positive semidefinite matrices. Using compatible rate sensors, collocated with the actuators, the m 21 vector of rate output of the system is given by y = F T _ Note that the mass matrix is nonsingular, and the stiffness matrix must be nonsingular for complete observability with rate feedback. Thus, the matrices above satisfy the conditions of the lemma for passivity of descriptor systems. Note that symmetry and positive definiteness properties of the matrices M ; K and D follow from the physics of flexible structure dynamics and do not depend on specific values of the mass, stiffness and damping parameters. Thus, dynamics of flexible structures with rate output are passive irrespective of the parametric uncertainties associated with the mass, stiffness and damping matrices of the system. Furthermore, truncation of the system dynamics to a smaller set of modes for reduced-order design models does not affect these passivity properties.
The control law for constant gain output feedback is u = 0Gy, where G is a constant m 2m
output feedback gain matrix. The closed-loop system dynamics with output feedback are given
If the system is strictly passive, stability of the closed-loop system is guaranteed by the passivity theorem 15 for any output feedback gain matrix whose symmetric part is positive semidefinite. The main problem addressed in this paper is how to select a constant output gain matrix, whose symmetric part is positive semidefinite, for assigning dominant poles of a system to enhance closed-loop system response while ensuring over all closed-loop system stability. The sequential procedure for assigning desired closed-loop eigenpairs described in this paper assumes that the open-loop LTI system is strictly passive. Flexible space structures with zero frequency rigid body modes, or modes with no damping, do not satisfy this condition. To deal with such systems, static dissipative position and rate feedback controllers may be designed first to ensure strict passivity of an intermediate closed-loop system 12 , and the sequential approach may be applied to this system for eigensystem assignment. Furthermore, subsequent discussions assume that a low order control design model for plant dynamics, as opposed to the full order finite element matrices, is used in the control design process. The reduction may be achieved through a number of model reduction techniques, such as modal truncation and modal cost analysis.
Sequential Procedure
The task of assigning dominant poles of strictly passive LTI systems with output feedback gain matrices whose symmetric part is positive semidefinite is accomplished in a sequential First, orthogonal matrices L k and U k are selected such that e remain unaffected by the output feedback.
The matrix b G k is selected to place the k th self-conjugate pair of closed-loop eigenvalues, Finally, the gain matrix is updated as G k = G k01 + e G k , and the system matrices are updated
, B k+1 = e B k , and C k+1 = e C k , for the succeeding steps of the sequential procedure. Note that m k , the dimension of the left null space of e C k1
decreases by 2 in each step of the sequential procedure, that is, m k = m k01 0 2.
The sequential procedure above is repeated until all the desired dominant modes have been shifted, up to a maximum of m=2 modes or complex-conjugate pairs, where m is the number of inputs. After m=2 iterations of the procedure described above, m k , the dimension of the left null space of e C k1 will be zero, and there would be no freedom to assign additional eigenvalues.
Eigenpair Assignment
This section describes the approach to select output feedback gains to assign one pair of complex conjugate eigenvalues, while ensuring that (1) the symmetric part of the gain matrix is positive semidefinite, or (2) the gain matrix is symmetric and positive semidefinite. For notational simplicity, the system matrices will be denoted as E; A; B; C ( 
It is obvious from Eq. (9) , that the vector on the right hand side of the expression above must lie in the right null space of 0. Let N be a matrix whose columns form an orthogonal basis for the null space of 0, that is, 0N = 0. Note that though E; A and B are real matrices, 0
and N are complex matrices since the eigenvalue is complex scalar. However, to ensure that the gain matrix is real the closed-loop eigenvector corresponding to the complex-conjugate eigenvalue is chosen to be the complex-conjugate of , that is, is chosen to be the eigenvector corresponding to . The overbar in the expressions in this section refer to complex-conjugation of the elements of the corresponding vector (or matrix) only, as opposed to the Hermitian operator, which involves transposition and complex-conjugation.
Since columns of N span the null space of 0, it follows that " 0 0 0
where is an arbitrary vector of complex elements, and the matrices N 1 ; N 2 are formed by partitioning N compatibly with and GC. Therefore, = N 1 and GC = N 2 , which leads to
The eigenassignment problem is now reduced to selecting such that there exists a gain matrix, G, satisfying Eq. (11) whose symmetric part is positive semidefinite. With being the eigenvector corresponding to , real solutions for the gain matrix G can be obtained, and the equations can be written out to involve only real arithmetic operations as follows.
For the eigenvalue, , with closed-loop eigenvector, , the matrix 0 =
and N is a matrix whose orthogonal columns span the null space of 0. If the arbitrary coefficient vector is chosen to be , the complex-conjugate of , then it follows that
Eq. (11) and Eq. (12) can equivalently be rewritten as
and
where Re() denotes real part of the argument, and Im() denotes imaginary part of the argument. In compact form these equations are written out as 
Adding this relation and its transpose yields 
Noting that determinants of principal minors of a positive semidefinite matrix must be nonnegative leads to conditions in Eq. (16 
Standard nonlinear programming techniques may be used for this constrained minimization. (16) is maximized with p being restricted to this subspace, until a positive value for that function is reached. This approach has also proved successful for a number of problems, though the minimax approach presented earlier has been successful in obtaining a feasible coefficient vector, p, for a larger class of problems.
Once such a coefficient vector has been determined, the procedure given in the proof of Proposition 1 can be followed to determine the gain matrix G, with positive semidefinite symmetric part, that assigns the desired closed-loop complex-conjugate eigenvalues.
Position and Rate Feedback
Pole placement for second order models, such as those for dynamics of flexible space structures, with both position and rate feedback is considered in this section. Position feedback gives additional freedom to place closed-loop eigenvalues, which may not be feasible with rate feedback alone. The technique for eigenpair placement with rate and position feedback parallels that for rate feedback alone, the difference being that the development is more involved since expressions for both rate and position feedback gain matrices are considered simultaneously. The eigensystem assignment problem is to determine an m 2 m symmetric, positive semidefinite position gain matrix, G p , and an m 2m rate gain matrix, G r , whose symmetric part is positive semidefinite, such that the control law u = 0G p y p 0 G r y r assigns dominant poles of the system to desired locations. In other words, to determine gain matrices G p and G r such that certain eigenvalues of (E; A 0 B G p C p 0 B G r C r ) are at desired locations. Again, it must be ensured that other closed-loop eigenvalues do not become unstable during output feedback eigensystem assignment with position and rate feedback. Using Lyapunov function arguments, it can be shown that if G p is a symmetric, positive semidefinite matrix, and the symmetric part of G r is positive semidefinite, then the closed-loop system is stable.
A sequential methodology is used for eigensystem assignment with position and rate feedback, extending the approach for rate feedback in previous sections. At each step of the process, one self-conjugate eigenpair is assigned, while employing a structure for the gain matrices such that previously placed eigenvalues are not disturbed. For initializing the sequential procedure, set E 1 = E , A 1 = A, B p;1 = B , B r;1 = B , C p;1 = C p , C r;1 = C r , the original coordinates as z 1 = z, and, the output gain matrices as G p;0 = G r;0 = 0. At the k th step of the sequential procedure, orthogonal matrices L k and U k are selected such has one self-conjugate pair at the desired values. The gain matrices are updated as G p;k = G p;k01 + e G p;k and G r;k = G r;k01 + e G r;k , and the system matrices are updated for the succeeding steps as: 
Similar treatment for the complex-conjugate eigenvalue, , and a corresponding eigenvector, , leads to
Combining these equations to restrict all operations to real arithmetic results in Thus, the problem of eigensystem placement with rate and position feedback is reduced to selecting a coefficient vector p, a symmetric, positive semidefinite matrix, G p , and a matrix, G r , whose symmetric part is positive semidefinite which satisfy Eq. (31). The conditions for existence of a solution to this system of quadratic equations is given in the following proposition.
approach for determining feasible coefficient vectors p satisfying the conditions of Eq. (32) has been very successful in practical application, though a number of other techniques have been attempted 16, 17 . Once a coefficient vector satisfying the constraints in Eq. (32) has been determined, the procedure to construct the desired matrices also follows the same approach as for rate feedback.
Numerical Example
The approach for eigensystem assignment with dissipative gains has been applied for synthesis of controllers to enhance the damping of the phase 2 CSI Evolutionary Model (CEM), a testbed for control of flexible space structures at NASA Langley. Damping enhancement control for this structure represents a typical problem in the control of flexible space structures, since this structure possesses numerous, closely spaced, low-frequency modes, with uncertain modal parameters. Damping enhancement is required since inherent damping of the structure is very low. However, general output feedback pole placement techniques for increasing damping in the dominant low frequency modes have a tendency to destabilize the remaining modes of the system. When collocated rate sensors and actuators are used, the dynamics of the structure are passive, and the technique described in this paper can be applied for damping enhancement of the dominant modes, while ensuring stability of the overall closed-loop system.
The phase 2 CEM structure consists of a 62-bay central truss (each bay is 10 inches long), along with two horizontal booms for suspension, a vertical laser, and a vertical reflector tower, as shown in Fig. 1 . This structure has 10 modes with frequencies up to about 5 Hz., and 95 modes with frequencies under 60 Hz. The first six modes are rigid body modes, due to suspension of the structure from the laboratory ceiling, that have frequencies up to about 0.3 Hz.
Eight control stations housing collocated and compatible sensors and actuators are located at the bays shown in Fig. 1 . Air thrusters providing linear forces are available at these locations, along the directions shown in Fig. 1 , providing an 8 2 1 control input vector, u. Linear velocities are assumed to be available at these locations, along the same directions, giving a 8 21 measurement vector, y. The problem is to determine an 8 2 8 rate gain matrix, G, whose symmetric part is positive semidefinite, such that the control law u = 0Gy places a subset of the closed-loop eigenvalues at desired locations without destabilizing the remaining modes of the structure.
A control design model of the first 10 modes of the structure is used for this numerical example. Low inherent damping ratio of 0.1 percent has been assumed for the open-loop system.
The open-loop eigenvalues along with damping and frequencies are shown in Table 1 . Modal displacements at the eight sensor/ actuator locations are shown in Table 2 . Since m = 8 control inputs are available, it is possible to assign desired amount of damping to up to 4 modes.
The first objective was to increase damping ratio in the first mode to 10 % that is, the first desired pair of closed-loop eigenvalues was 1;2 = 00:0818 6 0:8139j. Proceeding as described above, the system of quadratic equations in Eq. (15) was constructed for this eigenassignment.
Then, a coefficient vector, p, which satisfies the conditions in Eq. (16) Table 3 . It should be observed that the gain matrix, G 1 , successfully increased damping ratio of the first mode to 10 % without destabilizing other modes. In fact, damping is increased in most other modes due to the dissipative nature of the controller.
For the second step, damping ratio in the second mode of the system was to be increased to 10 % resulting in the second pair of desired complex-conjugate eigenvalues to Table 4 , showing that both pair of complex conjugate eigenvalues are successfully placed without destabilizing any other modes.
In the third step, damping ratio of the third mode was increased to 10 % which leads to the third pair of complex-conjugate eigenvalues as 5;6 = 00:0857 6 0:8522j. Repeating the operations for the third step, a coefficient vector which satisfies the conditions in Eq. (16) Table 5 . Again, damping ratio in the first three modes has been increased exactly to 10 % as desired without destabilizing any other modes. In fact, damping in most other modes has increased, with mode 6 being overdamped. Furthermore, modes 4, 5, 7 and 8 are also very well damped.
With 8 control actuators, it is possible to increase damping in one other mode. Therefore, mode 9 was chosen for an increase in its damping ratio to 10 % that is, the final pair of desired Closed-loop eigenvalues with the overall gain matrix is shown in Table 6 , showing that all four closed-loop eigenvalue pairs have been placed at their desired locations, without destabilizing any of the higher frequency modes. In fact, damping has tended to increase in most other modes. This example clearly demonstrates the effectiveness of the proposed dissipative controller design technique for robust eigensystem assignment.
Results of damping enhancement control with both position and rate feedback are presented next. First, damping ratio of mode 1 was increased to 10 %. Following a procedure outlined in the previous section, a symmetric, positive semidefinite position gain matrix, were determined to assign the closed-loop pair. Closed-loop eigenvalues with these rate and position gain matrices are shown in Table 7 . Proceeding with the sequential procedure, the damping ratios of modes 2, 3 and 7 were increased to 10 %. The eigensystem assignment procedure resulted in the following cumulative symmetric, positive definite position gain matrix, G p = 2 6 6 6 6 6 6 6 6 6 4 and a rate gain matrix, whose symmetric part is positive definite, G r = 2 6 6 6 6 6 6 6 6 6 4 Table 8 shows the closed-loop system eigenvalues using the rate and position gain matrices 
Concluding Remarks
This paper presents a novel approach for robust eigensystem assignment using constant gain output feedback controllers with dissipativity constraints, that is, output feedback eigensystem with gain matrices whose symmetric parts are positive semidefinite. Robust eigensystem assignment in this context implies that stability of the closed-loop system is guaranteed, whereas in general eigensystem assignment using output feedback may destabilize the closed-loop system. This approach can be used for robust output eigensystem assignment for any passive LTI system in descriptor form. Specifically, it has been applied to second-order models of flexible structures with rate feedback. A sequential procedure is used to place one pair of complex conjugate closedloop eigenvectors in each step of the procedure, while ensuring that the previously assigned eigenvalues are not disturbed using generalized Schur transformations. The problem of assigning one pair of complex-conjugate closed-loop eigenvalues with gain matrices of a specified structure is reduced to a constrained solution of a system of quadratic equations. Necessary and sufficient conditions for the existence of a solution to these equations are presented in terms of inequality constraints on a coefficient vector. A minimax approach is presented to determine coefficient vectors which satisfy these constraints. It is shown that the sequential procedure can be used to assign up to m self-conjugate closed-loop eigenvalues, where m is the number of control inputs. For second-order models of flexible space structures, the approach has been extended for robust eigensystem assignment with both position and rate feedback. A numerical example of damping enhancement for a large flexible structure has been presented to demonstrate the approach. This example clearly demonstrates that the proposed approach provides a practical technique to design controllers that enhance the performance of the open-loop system while ensuring that the overall system remains stable. 
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